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Abstract: Strong difference families of special types are introduced to produce new relative
difference families from the point of view of both asymptotic existences and concrete examples.
As applications, group divisible designs of type 30u with block size 6 are discussed, r-rotational
balanced incomplete block designs with block size 6 are derived for r ∈ {6, 10}, and several classes
of optimal optical orthogonal codes with weight 5, 6, 7, or 8 are obtained.
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1 Introduction
Throughout this paper, sets and multisets will be denoted by curly braces { } and square brackets
[ ], respectively. Every union will be understood as multiset union with multiplicities of elements
preserved. A∪A∪ · · · ∪A (h times) will be denoted by hA. If A and B are multisets defined on a
multiplicative group, then A · B denotes the multiset [ab : a ∈ A, b ∈ B]. Denote by Zv the cyclic
group of order v.
Definition 1. Let Σ = [F1, F2, . . . , Fs] be a family of multisets of size k of a group (G,+) of order
g, where Fi = [fi,1, fi,2, . . . , fi,k] for 1 ≤ i ≤ s. Σ is said to be a (G, k, µ) strong difference family,
or a (g, k, µ)-SDF over G, if the list
∆Σ :=
s⋃
i=1
∆Fi :=
s⋃
i=1
[fi,a − fi,b : 1 ≤ a, b ≤ k, a 6= b] = µG,
i.e., every element of G (0 included) appears exactly µ times in the multiset ∆Σ. The members of
Σ are called base blocks.
Example 1. Σ = [[0, 0, 1, 1, 1], [0, 1, 1, 1, 1]] is a (Z2, 5, 20)-SDF.
The concept of strong difference families was introduced in [5] to provide constructions for
relative difference families (cf. also [8, 12, 24]). A (G,N, k, λ) relative difference family (DF), or
(g, n, k, λ)-DF over a group (G,+) of order g relative to a subgroup N of order n, is a family
B = [B1, B2, . . . , Br] of k-subsets of G, called base blocks, such that the list
∆B :=
r⋃
i=1
∆Bi :=
r⋃
i=1
[x− y : x, y ∈ Bi, x 6= y] = λ(G \N),
i.e., every element of G \ N appears exactly λ times in the multiset ∆B and no element of N
appears in ∆B. When G is cyclic, we say that the (g, n, k, λ)-DF is cyclic (cf. [4]).
Write Fq for the finite field of order q and F
∗
q for its multiplicative group. If q ≡ 1 (mod d),
then Cd,q0 denotes the group of nonzero dth powers of Fq and once a primitive element ω of Fq has
been fixed, we set Cd,qi = ω
i · Cd,q0 for i = 0, 1, . . . , d− 1.
Inspired by several constructions of relative difference families presented in the literature (see
[1, 5, 6, 7, 9, 11, 15, 16, 17, 18, 19, 22, 23, 24, 26]) which take advantage of suitable “patterns” of
strong difference families, we introduce here the following definition.
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Definition 2. Let Σ be a (G, k, µ) strong difference family and d be a divisor of µ. Σ is said to
be of type d with respect to a prime power q ≡ 1 (mod d) if there is a collection C of subsets of
G× Fq satisfying the following conditions:
1) the projection of C on G coincides with Σ;
2) ∆C =
⋃
g∈G
({g} ×Dg), where Dg = C
(q−1)/d,q
0 · Lg and Lg is a multiset of size µ/d on F
∗
q.
We will simply say that Σ is of type d if this property holds for any prime power q ≡ 1 (mod d).
Let d′ be a divisor of d and q ≡ 1 (mod d) be a prime power, which implies q ≡ 1 (mod d′). If
a strong difference family Σ is of type d with respect to q, then it is also of type d′. This is from the
observation that Dg = C
(q−1)/d,q
0 ·Lg = C
(q−1)/d′,q
0 ·S ·Lg, where S is a system of representatives
for C
(q−1)/d′,q
0 in C
(q−1)/d,q
0 .
Let (G,+) be a group. For (x, y) ∈ G×Fq and s ∈ F∗q , define the notation (x, y)·(1, s) := (x, ys).
The following proposition gives an illustration of how Definition 2 is applied to construct relative
difference families.
Proposition 1. Let d be a divisor of µ, and Σ be a (G, k, µ) strong difference family of type d
with respect to the prime power q ≡ 1 (mod µ), which is associated with a collection C of subsets
of G × Fq satisfying the two conditions in Definition 2. If for each g ∈ G, Lg is a system of
representatives for C
µ/d,q
0 in F
∗
q, then given a system of representatives S for C
(q−1)/d,q
0 in C
µ/d,q
0 ,
the family
B = [C · {(1, s)} : s ∈ S, C ∈ C]
is a (G× Fq, G× {0}, k, 1)-DF.
Proof. One can check that
∆B =∆C · {(1, s) : s ∈ S} = (
⋃
g∈G
({g} ×Dg)) · {(1, s) : s ∈ S}
=
⋃
g∈G
({g} × (Dg · S)) =
⋃
g∈G
(
{g} × (C
(q−1)/d,q
0 · Lg · S)
)
=
⋃
g∈G
(
{g} × F∗q
)
= G× F∗q .
Example 2. The (Z2, 5, 20)-SDF from Example 1 is of type 2 with respect to q = 41. To prove it,
we take C = {C1, C2}, where C1 = {(0, 0), (0, 1), (1, 2), (1, 8), (1, 13)} and C2 = {(0, 0), (1, 3), (1, 5),
(1, 17), (1, 25)}. It is readily checked that Dg = {1,−1} · Lg for g ∈ Z2, where Lg is a system of
representatives for C10,410 = {1,−1, 9,−9} in F
∗
41.
Furthermore, take S = {1, 9} as a system of representatives for C20,410 = {1,−1} in C
10,41
0 .
Then by Proposition 1,
{{(0, 0), (0, s), (1, 2s), (1, 8s), (1, 13s)}, {(0, 0), (1, 3s), (1, 5s), (1, 17s), (1, 25s)} : s ∈ {1, 9}}
is a (Z2 × F41,Z2 × {0}, 5, 1)-DF.
To use Proposition 1, C
(q−1)/d,q
0 must be a subgroup of C
µ/d,q
0 , which implies that q − 1 ≡ 0
(mod µ). That is why we require q ≡ 1 (mod µ) in Proposition 1.
This paper is devoted to constructing strong difference families of types 2 and 4 (see Propo-
sitions 2 and 3) in Sections 2 and 3, respectively, by using cyclotomic conditions that generalize
the procedure of [16, 17]. Then apply Proposition 1 to obtain new asymptotic existence results
(see Theorems 2 and 4) and existence results for DFs (see Theorems 3 and 5). Note that an SDF
of type 4 is also of type 2 and, in general, not vice versa. In some circumstances, SDFs of type 4
can produce better asymptotic existence results on DFs than SDFs of type 2 (see Remark 5).
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As applications, in Section 4, group divisible designs of type 30u with block size 6 are discussed,
r-rotational balanced incomplete block designs with block size 6 are derived for r ∈ {6, 10}, and
several classes of optimal optical orthogonal codes with weight 5, 6, 7, or 8 are obtained. We
conclude in Section 5 and provide related remarks.
In what follows, we always assume that
Q(d,m) =
1
4
(
U +
√
U2 + 4dm−1m
)2
, where U =
m∑
h=1
(
m
h
)
(d− 1)h(h− 1)
for given positive integers d and m. Note that Q(e,m) < Q(e,m′) for m < m′ and Q(e,m) <
Q(e′,m) for e < e′. The following theorem ensures the existences of elements satisfying certain
cyclotomic conditions in a finite field, and will play a crucial role in proving Theorems 2 and 4.
Theorem 1. [10, 13] Let q ≡ 1 (mod d) be a prime power. Let {b0, b1, . . . , bm−1} be an arbitrary
m-subset of Fq and (β0, β1, . . . , βm−1) be an arbitrary element of Z
m
d . Set X = {x ∈ Fq : x− bi ∈
Cd,qβi for i = 0, 1, . . . ,m − 1}. Then X is not empty for any prime power q ≡ 1 (mod d) and
q > Q(d,m).
2 Strong difference families of type 2
In this section, we shall present a class of strong difference families of type 2, and then use them
to establish new (asymptotic) existence results for DFs.
Proposition 2. Let (G,+) be an abelian group. Let Σ be a (G, k, µ)-SDF which is the union of
three families Σ1,Σ2 and Σ3, each of which could be empty, where
1) for any A ∈ Σ1, A is of the form
[x1, δ + x1, x2, δ + x2, . . . , xk/2, δ + xk/2] if k is even, and
[0, x1, δ + x1, x2, δ + x2, . . . , x⌊k/2⌋, δ + x⌊k/2⌋] if k is odd,
where δ is either an involution of G or zero, and ∆[x1, x2, . . . , x⌊k/2⌋] does not contain
involutions and zeros;
2) for any A ∈ Σ2, each element of ∆(A) is either an involution or zero;
3) for any A ∈ Σ3, the multiplicity of A in Σ3 is even and ∆(A) does not contain involutions
and zeros.
Then Σ is of type 2.
Proof. Let Σ = Σ1 ∪ Σ2 ∪ Σ3 = [A1, A2, . . . , An], where Σ3 = [At+1, At+2, . . . , An] with At+1 =
At+2, . . . and An−1 = An. Now, consider the family C = [C1, C2, . . . , Cn], a collection of subsets
of G× Fq, satisfying that
• if k is even and Ai = [xi,1, δ + xi,1, xi,2, δ + xi,2, . . . , xi,k/2, δ + xi,k/2] ∈ Σ1, then
Ci = {(xi,1, yi,1), (δ + xi,1,−yi,1), . . . , (xi,k/2, yi,k/2), (δ + xi,k/2,−yi,k/2)};
if k is odd and Ai = [0, x1, δ + x1, x2, δ + x2, . . . , x⌊k/2⌋, δ + x⌊k/2⌋] ∈ Σ1, then
Ci = {(0, 0), (xi,1, yi,1), (δ + xi,1,−yi,1), . . . , (xi,⌊k/2⌋, yi,⌊k/2⌋), (δ + xi,⌊k/2⌋,−yi,⌊k/2⌋)};
• if Ai = [xi,1, xi,2, . . . , xi,k] ∈ Σ2, then
Ci = {(xi,1, yi,1), (xi,2, yi,2), . . . , (xi,k, yi,k)};
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(Z12, 5, 20)-SDF Σ2 = [[0, 0, 0, 6, 6], [0, 0, 0, 0, 6]]
Σ3 = 2 [[0, 1, 2, 3, 4], [0, 1, 2, 4, 5], [0, 1, 3, 5, 8], [0, 1, 4, 5, 8], [0, 2, 4, 7, 9]]
(Z25, 6, 6)-SDF Σ1 = [[0, 0, 5, 5, 14, 14]]
Σ3 = 2 [[0, 1, 2, 3, 6, 18], [0, 2, 8, 12, 15, 19]]
(Z30, 6, 6)-SDF Σ1 = [[0, 0, 6, 6, 16, 16], [0, 15, 3, 18, 7, 22]]
Σ3 = 2 [[0, 1, 2, 3, 8, 21], [0, 2, 5, 9, 13, 18]]
(Z35, 6, 6)-SDF Σ1 = [[0, 0, 8, 8, 18, 18]]
Σ3 = 2 [[0, 1, 2, 3, 5, 15], [0, 3, 7, 14, 23, 29], [0, 4, 9, 17, 23, 28]]
(Z45, 6, 6)-SDF Σ1 = [[0, 0, 10, 10, 26, 26]]
Σ3 = 2 [[0, 1, 3, 11, 17, 31], [0, 4, 9, 22, 30, 37], [0, 1, 3, 7, 12, 25], [0, 1, 3, 7, 12, 25]]
(Z5, 6, 12)-SDF Σ1 = [[0, 0, 1, 1, 2, 2], [0, 0, 2, 2, 4, 4]]
(Z15, 6, 12)-SDF Σ1 = [[0, 0, 3, 3, 8, 8], [0, 0, 4, 4, 9, 9]]
Σ3 = 2 [[0, 1, 2, 3, 4, 7], [0, 1, 2, 4, 8, 10]]
(Z35, 7, 6)-SDF Σ1 = [[0, 7, 7, 17, 17, 30, 30]]
Σ3 = 2 [[0, 1, 2, 3, 5, 21, 29], [0, 3, 9, 13, 17, 24, 29]]
(Z49, 7, 6)-SDF Σ1 = [[0, 4, 4, 16, 16, 36, 36]]
Σ3 = 2 [0, 1, 3, 20, 28, 38, 43], [0, 1, 3, 27, 31, 36, 42], [0, 1, 3, 27, 31, 36, 42]]
(Z21, 7, 12)-SDF Σ1 = [[0, 5, 5, 10, 10, 17, 17], [0, 3, 3, 9, 9, 17, 17]]
Σ3 = 2 [[0, 1, 2, 3, 4, 5, 11], (0, 1, 3, 7, 11, 13, 16]]
Table 1: SDFs of type 2 satisfying Proposition 2
• if Ai = Ai+1 = [xi,1, xi,2, . . . , xi,k] ∈ Σ3 for i ≡ t+ 1 (mod 2), then
Ci = {(xi,1, yi,1), (x2, yi,2), . . . , (xi,k, yi,k)}
and Ci+1 = Ci · {(1,−1)}.
Then one can check that
∆C =
⋃
g∈G
({g} ×Dg),
where Dg = {1,−1} · Lg and Lg is a multiset of size µ/2 on F∗q . Note that µ is necessarily even
since the zero element of G clearly appears an even number of times in the list of differences of
any multisubset of G. It follows that Σ is of type 2 with respect to any odd prime power q.
Example 3. Example 2 shows that the (Z2, 5, 20)-SDF Σ = [[0, 0, 1, 1, 1], [0, 1, 1, 1, 1]] from Exam-
ple 1 is of type 2 with respect to q = 41. Actually Σ = Σ2 satisfies the hypothesis in Proposition
2. Therefore, this SDF is of type 2 with respect to any odd prime power q.
Example 4. By Proposition 2, the following (Z10, 5, 12)-SDF is of type 2:
Σ1 Σ2 Σ3
[[0, 3, 3, 7, 7]] [[0, 0, 0, 5, 5]] [[0, 9, 6, 7, 8], [0, 9, 6, 7, 8], [0, 8, 4, 6, 7], [0, 8, 4, 6, 7]]
.
We can find more SDFs of type 2 by computer search which satisfy the hypothesis of Proposition
2. They are listed in Table 1, which will be used to construct relative difference families later.
Theorem 2. If there exists a (G, k, µ)-SDF that satisfies the hypothesis of Proposition 2, then
there exists a (G×Fq, G×{0}, k, 1)-DF for any prime power q ≡ 1 (mod µ) and q > Q(µ/2, k−1).
Proof. Take C = [C1, C2, . . . , Cn] as in the proof of Proposition 2. It has been shown that
∆C =
⋃
g∈G
({g} ×Dg),
where Dg = {1,−1} · Lg and Lg is a multiset of size µ/2 on F∗q. By Proposition 1, to obtain a
(G × Fq, G × {0}, k, 1)-DF, it suffices to prove that for each g ∈ G, Lg can be taken as a system
of representatives for C
µ/2,q
0 in F
∗
q .
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Note that Lg = L−g and each element of Lg is of one of the forms: yi,j1 ± yi,j2 , yi,j and 2yi,j .
Therefore, by Theorem 1, for any prime power q ≡ 1 (mod µ) and q > Q(µ/2, k − 1), it can be
required that every Lg is a system of representatives for C
µ/2,q
0 in F
∗
q .
We present the following example as an illustration of how to use Theorem 2 to construct DFs.
Example 5. Given any prime power q ≡ 1 (mod 12) and q > Q(6, 4), there exists a (Z10 ×
Fq,Z10 × {0}, 5, 1)-DF.
Proof. Take the (Z10, 5, 12)-SDF of type 2, Σ = [A1, A2, . . . , A6], from Example 4, where A1 =
[0, 3, 3, 7, 7], A2 = [0, 0, 0, 5, 5], A3 = A4 = [0, 9, 6, 7, 8] and A5 = A6 = [0, 8, 4, 6, 7]. Consider the
family C = [C1, C2, . . . , C6], a collection of subsets of Z10×Fq, whose first components come from
Σ, where
C1 = {(0, 0), (3, y1,1), (3,−y1,1), (7, y1,2), (7,−y1,2)};
C2 = {(0, y2,1), (0, y2,2), (0, y2,3), (5, y2,4), (5, y2,5)};
C3 = {(0, y3,1), (9, y3,2), (6, y3,3), (7, y3,4), (8, y3,5)}; C4 = C3 · {(1,−1)};
C5 = {(0, y4,1), (8, y4,2), (4, y4,3), (6, y4,4), (7, y4,5)}; C6 = C5 · {(1,−1)}.
One can check that
∆[C1, C2, . . . , C6] =
⋃
g∈Z10
({g} ×Dg),
where Dg = {1,−1} · Lg, Lg = L−g and
L0 = {2y1,1, 2y1,2, y2,1 − y2,2, y2,1 − y2,3, y2,3 − y2,2, y2,4 − y2,5};
L1 = {y3,2 − y3,1, y3,2 − y3,5, y3,5 − y3,4, y3,4 − y3,3, y4,2 − y4,5, y4,5 − y4,4};
L2 = {y3,1 − y3,5, y3,5 − y3,3, y3,2 − y3,4, y4,1 − y4,2, y4,2 − y4,4, y4,4 − y4,3};
L3 = {y1,1, y1,2, y3,4 − y3,1, y3,2 − y3,3, y4,1 − y4,5, y4,5 − y4,3};
L4 = {y1,2 − y1,1, y1,2 + y1,1, y4,4 − y4,1, y4,1 − y4,3, y4,3 − y4,2, y3,3 − y3,1};
L5 = {y2,4 − y2,1, y2,4 − y2,2, y2,4 − y2,3, y2,5 − y2,1, y2,5 − y2,2, y2,5 − y2,3}.
By Theorem 1, for any prime power q ≡ 1 (mod 12) and q > Q(6, 4), we can always require that
every Lg is a system of representatives for C
6,q
0 in F
∗
q. Therefore, given a transversal S for {1,−1}
in C6,q0 , the family [C · {(1, s)} : s ∈ S, C ∈ C] is a (Z10 × Fq,Z10 × {0}, 5, 1)-DF.
Remark 1. Let k be odd and Σ be a (G, k, µ)-SDF of type 2 satisfying the hypothesis of Proposition
2. If Σ consists only of base blocks belonging to Σ1, then the lower bound on q in Theorem 2 can
be improved. That is to say, there exists a (G× Fq, G × {0}, k, 1)-DF for any prime power q ≡ 1
(mod µ) and q > Q(µ/2, k − 2) (in this case every yi,j contributes at most k − 2 cyclotomic
conditions).
Theorem 3. Let q be a prime. Then there exists a (Zh × Fq,Zh × {0}, k, 1)-DF in the following
cases:
(hq, h, k, 1) possible exceptions / definite ones
(2q, 2, 5, 1): q ≡ 1 (mod 20)
(10q, 10, 5, 1): q ≡ 1 (mod 12)
(12q, 12, 5, 1): q ≡ 1 (mod 20)
(hq, h, 6, 1): h ∈ {25, 30, 35, 45}, q ≡ 1 (mod 6) (25× 7, 25, 6, 1)
(hq, h, 6, 1): h ∈ {5, 15}, q ≡ 1 (mod 12) (5× 13,5,6,1)
(hq, h, 7, 1): h ∈ {35, 49}, q ≡ 1 (mod 6) (35× 7, 35, 7, 1), (49× 7, 49, 7, 1)
(21q, 21, 7, 1): q ≡ 1 (mod 12)
.
Proof. Begin with the SDFs of type 2 listed in Examples 3, 4 and Table 1. Then apply Theorem 2
and Remark 1 to get the desired DFs for sufficiently large q. For the values of q smaller than the
lower bounds, we found, by computer search, all the DFs that satisfy the required cyclotomic condi-
tions in Proposition 1 except for the cases of (h, q, k, λ) ∈ {(10, 13, 5, 1), (30, 7, 6, 1), (5, 13, 6, 1), (5,
37, 6, 1), (15, 13, 6, 1), (25, 7, 6, 1), (35, 7, 6, 1), (45, 7, 6, 1), (21, 13, 7, 1), (35, 7, 7, 1), (49, 7, 7, 1)}. The
interested reader may get a copy of these data from the authors.
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For (h, q, k, λ) = (10, 13, 5, 1), we give an explicit construction of a (Z10 × F13,Z10 ×{0}, 5, 1)-
DF:
{(0, 0), (3, 1), (3, 12), (7, 3), (7, 10)},
{(0, 0), (0, 1), (0, 4), (5, 3), (5, 8)},
{(0, 0), (9, 4), (6, 10), (7, 5), (8, 6)} · {(1, x)},
{(0, 0), (8, 2), (4, 7), (6, 12), (7, 9)} · {(1, x)}.
where x runs over C6,130 . For (h, q, k, λ) ∈ {(30, 7, 6, 1), (5, 37, 6, 1), (15, 13, 6, 1), (35, 7, 6, 1), (45, 7,
6, 1), (21, 13, 7, 1)}, we give an explicit construction of a (Zh × Fq,Zh × {0}, k, 1)-DF as follows:
(30× 7, 30, 6, 1)-DF {0, 11, 30, 111, 131, 171}, {0, 12, 27, 73, 148, 165},
{0, 1, 3, 25, 34, 128}× 29i, {0, 5, 37, 43, 53, 139}× 29i, where i = 0, 1.
(5× 37, 5, 6, 1)-DF {0, 4, 38, 95, 102, 138}, {0, 12, 29, 79, 109, 165},
{0, 1, 3, 11, 42, 123}× 26i, {0, 5, 19, 77, 145, 169}× 26i, where i = 0, 1.
(15× 13, 15, 6, 1)-DF {0, 1, 3, 8, 18, 89}× 16i, {0, 4, 42, 105, 141, 155}× 16i, where i = 0, 1, 2.
(35× 7, 35, 6, 1)-DF {0, 10, 30, 85, 130, 195}, {0, 1, 3, 54, 158, 167}× 116i,
{0, 4, 22, 93, 118, 201}× 116i, where i = 0, 1, 2.
(45× 7, 45, 6, 1)-DF {0, 1, 3, 11, 61, 244}× 16i, {0, 4, 29, 135, 171, 278}× 16i,
{0, 5, 23, 78, 125, 164}× 16i, where i = 0, 1, 2.
(21× 13, 21, 7, 1)-DF {0, 1, 3, 9, 88, 116, 135}× 16i,
{0, 4, 37, 86, 127, 204, 211}× 16i, where i = 0, 1, 2.
For (h, q, k, λ) = (5, 13, 6, 1), an exhaustive search shows that no (Z5 × F13,Z5 × {0}, 6, 1)-DF
exists.
At the end of this section, we remark that Buratti [5] presented five classes of interesting SDFs.
One can check that they satisfy the hypothesis of Proposition 2, and so they are SDFs of type 2
with respect to any odd prime power q.
Lemma 1. (implied in [5])
(1) Let p be an odd prime power. Then the (Fp, p, p − 1)-SDF given by the single base block
{0} ∪ 2C2,p0 is of type 2 (Paley SDF of the 1st type).
(2) Let p ≡ 3 (mod 4) be a prime power. Then the (Fp, p + 1, p + 1)-SDF given by the single
base block 2({0} ∪C2,p0 ) is of type 2 (Paley SDF of the 2nd type).
(3) Let p be an odd prime power. Set X1 = 2({0} ∪ C
2,p
0 ) and X2 = 2({0} ∪ C
2,p
1 ). Then the
(Fp, p+ 1, 2p+ 2)-SDF [X1, X2] is of type 2 (Paley SDF of the 3rd type).
(4) Given twin prime powers p > 2 and p+ 2, the set
(C2,p0 × C
2,p+2
0 ) ∪ (C
2,p
1 × C
2,p+2
1 ) ∪ (Fp × {0})
is a (p(p+2), p(p+2)−12 ,
p(p+2)−3
4 ) difference set over Fp × Fp+2, which is a difference family
with only one base block. Let D be its complement. Then 2D is a (Fp × Fp+2, p(p + 2) +
1, p(p+ 2) + 1)-SDF of type 2 (twin prime power difference multiset).
(5) Given any prime power p and any integer d, there exists a cyclic (p
d−1
p−1 ,
pd−1−1
p−1 ,
pd−2−1
p−1 )
difference set (Singer difference set), which is a difference family with only one base block.
Let D be its complement. Then pD is a (p
d−1
p−1 , p
d, pd(p−1))-SDF of type 2 (Singer difference
multiset).
Remark 2. Take the Paley SDFs from Lemma 1(1) and (2). Then use Theorem 2 and Remark
1. We can obtain the following DFs:
1) there exists an (Fp×Fq,Fp×{0}, p, 1)-DF for any odd prime powers p, q with q ≡ 1 (mod p−
1) and q > Q((p− 1)/2, p− 2);
2) there exists an (Fp×Fq,Fp×{0}, p+1, 1)-DF for any prime powers p, q with p ≡ 3 (mod 4),
q ≡ 1 (mod p+ 1) and q > Q((p+ 1)/2, p).
These DFs can also be found in Theorems 3.11 and 3.12 of [16].
6
3 Strong difference families of type 4
In this section, we shall present a class of strong difference families of type 4, and then use them
to establish new (asymptotic) existence results for DFs.
Proposition 3. Let (G,+) be an abelian group of odd order. Let Σ be a (G, k, µ)-SDF where
k ≡ 0, 1 (mod 4) and Σ is the union of two families Σ1 and Σ2 (Σ2 could be empty) such that:
1) Σ1 consists of only one base block (called the distinguished base block) of the form
[x1, x1,−x1,−x1, . . . , xk/4, xk/4,−xk/4,−xk/4] if k ≡ 0 (mod 4), and
[0, x1, x1,−x1,−x1, . . . , x⌊k/4⌋, x⌊k/4⌋,−x⌊k/4⌋,−x⌊k/4⌋] if k ≡ 1 (mod 4)
satisfying that ∆[x1,−x1, x2,−x2, . . . , x⌊k/4⌋,−x⌊k/4⌋] does not contain zeros;
2) for any A ∈ Σ2, the multiplicity of A in Σ2 is doubly even and ∆(A) does not contain zeros.
Then Σ is of type 4.
Proof. Let Σ = [A1, A2, . . . , An] be the given (G, k, µ)-SDF, where A1 = A is the distinguish
block, A2 = A3 = A4 = A5, . . . , An−3 = An−2 = An−1 = An. Let ξ be a primitive 4th root of
unity in F∗q . Consider the family C = [C1, C2, . . . , Cn], where
• if k ≡ 0 (mod 4) and A1 = [x1,1, x1,1,−x1,1,−x1,1, . . . , x1,k/4, x1,k/4,−x1,k/4,−x1,k/4], then
C1 = {(x1,1, y1,1), (x1,1,−y1,1), (−x1,1, ξy1,1), (−x1,1,−ξy1,1), . . . ,
(x1,k/4, y1,k/4), (x1,k/4,−y1,k/4), (−x1,k/4, ξy1,k/4), (−x1,k/4,−ξy1,k/4)};
if k ≡ 1 (mod 4) and A1 = [0, x1,1, x1,1,−x1,1,−x1,1, . . . , x1,⌊k/4⌋, x1,⌊k/4⌋,−x1,⌊k/4⌋,
−x1,⌊k/4⌋], then
C1 = {(0, 0), (x1,1, y1,1), (x1,1,−y1,1), (−x1,1, ξy1,1), (−x1,1,−ξy1,1), . . . ,
(x1,⌊k/4⌋, y1,⌊k/4⌋), (x1,⌊k/4⌋,−y1,⌊k/4⌋), (−x1,⌊k/4⌋, ξy1,⌊k/4⌋), (−x1,⌊k/4⌋,−ξy1,⌊k/4⌋)};
• if Ai = Ai+1 = Ai+2 = Ai+3 = [xi,1, xi,2, . . . , xi,k] for i ≡ 2 (mod 4), then
Ci = {(xi,1, yi,1), (xi,2, yi,2), . . . , (xi,k, yi,k)},
and
Ci+1 = Ci · {(1, ξ)}, Ci+2 = Ci · {(1,−1)}, Ci+3 = Ci · {(1,−ξ)}.
Then one can check that
∆C =
⋃
g∈G
({g} ×Dg),
where Dg = {1,−1, ξ,−ξ} · Lg and Lg is a multiset of size µ/4 on F∗q. Note that the zero element
of G must appear ⌊k/4⌋×4 times in ∆Σ, so µ = 4⌊k/4⌋. It follows that Σ is of type 4 with respect
to any prime power q ≡ 1 (mod 4).
We remark that to use Proposition 3, the given (G, k, µ)-SDF must contain µ|G|/(k(k−1)) ≡ 1
(mod 4) base blocks. Also, µ = 4⌊k/4⌋, and so G must be a group of odd order.
Example 6. By Proposition 3, the following (Z45, 5, 4)-SDF is of type 4 with respect to any prime
power q ≡ 1 (mod 4):
Σ1 Σ2
[[0, 1, 1,−1,−1]] [[0, 3, 7, 13, 30], [0, 3, 7, 13, 30], [0, 3, 7, 13, 30], [0, 3, 7, 13, 30],
[0, 5, 14, 26, 34], [0, 5, 14, 26, 34], [0, 5, 14, 26, 34], [0, 5, 14, 26, 34]]
.
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(Z63, 8, 8)-SDF Σ1 = [[20, 20,−20,−20, 29, 29,−29,−29]]
Σ2 = 4 [[0, 1, 3, 7, 19, 34, 42, 53], [0, 1, 4, 6, 26, 36, 43, 51]]
(Z81, 9, 8)-SDF Σ1 = [[0, 4, 4,−4,−4, 37, 37,−37,−37]]
Σ2 = 4 [[0, 1, 4, 6, 17, 18, 38, 63, 72], [0, 2, 7, 27, 30, 38, 53, 59, 69]]
Table 2: SDFs of type 4 satisfying Proposition 3
Other SDFs of type 4 which satisfy the hypothesis of Proposition 3 can be found in [16]. They
are listed in Table 2, which will be used to construct relative difference families later.
Before stating a theorem similar to Theorem 2, we present the following example as an illus-
tration of how to apply SDFs of type 4 to obtain DFs.
Example 7. Given any prime power q ≡ 1 (mod 4), there exists a (Z45×Fq,Z45×{0}, 5, 1)-DF.
Proof. Take the (Z45, 5, 4)-SDF, Σ = [A1, A2, . . . , A9], from Example 6, where A1 = [0, 1, 1,−1,
−1], A2 = A3 = A4 = A5 = [0, 3, 7, 13, 30] and A6 = A7 = A8 = A9 = [0, 5, 14, 26, 34]. Let ξ be
a primitive 4th root of unity in F∗q . Now, consider the family C = [C1, C2, . . . , C9] of base blocks
whose first components come from Σ, where
C1 = {(0, 0), (1, y1,1), (1,−y1,1), (−1, y1,1ξ), (−1,−y1,1ξ)};
C2 = {(0, y2,1), (3, y2,2), (7, y2,3), (13, y2,4), (30, y2,5)};
C3 = C2 · {(1, ξ)}; C4 = C2 · {(1,−1)}; C5 = C2 · {(1,−ξ)};
C6 = {(0, y6,1), (5, y6,2), (14, y6,3), (26, y6,4), (34, y6,5)};
C7 = C6 · {(1, ξ)}; C8 = C6 · {(1,−1)}; C9 = C6 · {(1,−ξ)}.
One can check that
∆C =
⋃
g∈Z45
({g} ×Dg),
where Dg = {1,−1, ξ,−ξ} · Lg and |Lg| = 1 for any g ∈ Z45.
By Proposition 1 with µ = d = 4, if for each g ∈ Z45, Lg is a system of representatives for
C1,q0 = F
∗
q in F
∗
q , i.e., Lg consists of a nonzero element, then given a system of representatives
S for C
(q−1)/4,q
0 = {1,−1, ξ,−ξ} in C
1,q
0 = F
∗
q , the family [C · {(1, s)} : s ∈ S, C ∈ C] forms a
(Z45×Fq,Z45×{0}, 5, 1)-DF. This always can be done by taking nonzero second coordinates such
that y2,j1 6= y2,j2 and y6,j1 6= y6,j2 for 1 ≤ j1 < j2 ≤ 5.
We remark that a (Z45×Fq,Z45×{0}, 5, 1)-DF is also constructed in [22, Lemma 2.8] by using
a different (Z45, 5, 4)-SDF implicitly (see also Table 3).
To prove Theorem 4, we need a technical lemma. Denote by G \E the subgraph of a graph G
obtained by deleting the edges of E. Similarly a subgraph obtained by the deletions of the vertices
of U is denoted by G− U .
Lemma 2. Let r ≥ 5 and α be a permutation of the elements of Zr. Let a ∈ Zr. Then there
exists a permutation pi of the elements of Zr such that, for any x ∈ Zr that is not fixed by α, we
have
pi(α(x)) − pi(x) 6= a.
Proof. When a = 0, any bijection pi : Zr → Zr can lead to the desired conclusion. Assume that
a 6= 0.
We first give an equivalent description of this lemma in the language of graphs. We define a
directed graph
−→
H , whose vertices are taken from Zr \ {x ∈ Zr : x = α(x)}. For any two distinct
vertices x and y, (x, y) is a directed edge of
−→
H if and only if y = α(x). We have that
−→
H is the
union of disjoint directed cycles of lengths l1, l2, . . . , ls, where each li ≥ 2 and
∑s
i=1 li ≤ r. Now
regard the mapping pi as an embedding of
−→
H in the complete directed graph
−→
Kr defined on Zr.
Consider the directed graph
−→
C whose edge set is given by the pairs {(x, x+a) : x ∈ Zr}.
−→
C is the
union of directed cycles whose length l is the order of a in Zr. Now we prove that for any r ≥ 5,
−→
H can be embedded in
−→
Kr \
−→
C .
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CASE 1: a = r/2. In the case no length li = r/2+ 1 we can embed
−→
H in
−→
Kr \
−→
C as the union
of the cycles (0, . . . , l1− 1), (l1, . . . , l1+ l2− 1), . . . , ((
∑s−1
i=1 li), . . . , (
∑s
i=1 li)− 1). Otherwise since∑s
i=1 li ≤ r, there is exactly one length li that is equal to r/2 + 1 and we can assume it is l1. In
this case we can embed
−→
H as the union of the cycles (0, 1, . . . , l1− 2, l1), (l1− 1, l1+1, . . . , l1+ l2−
1), (l1 + l2, l1 + l2 + 1, . . . , l1 + l1 + l3 − 1), . . . , ((
∑s−1
i=1 li), . . . , (
∑s
i=1 li)− 1). Since here r is even,
r ≥ 6 and so a 6= 2, which makes the directed edges (l1 − 2, l1) and (l1 − 1, l1 + 1) admissible.
CASE 2: a 6= 0, r/2. In this case
−→
C is the union of oriented cycles of length l. Assume that
l1 = l2 = · · · = ls′ = 2 and li 6= 2 for i > s′. Since r ≥ 5, the unoriented graph Kr \
−→
C admits a
1-factor for even values of r and an almost 1-factor for odd values. It follows that we can embed
the union
−→
H1 of s
′ cycles of length 2 in
−→
Kr \
−→
C . We note that
−→
C −
−→
H1 is the union of oriented paths
−→
P 1,
−→
P 2, . . . ,
−→
P p and cycles
−→
C 1,
−→
C 2, . . . ,
−→
C c. We denote the vertices of
−→
C −
−→
H1 by v1, v2, . . . , vr−2s′
in such a way that, if the path
−→
P i has length bi, it is of the form [vhi+bi , vhi+bi−1, vhi+bi−2, . . . , vhi ]
for some integer hi and the cycle
−→
C i is of the form (vui+l, vui+l−1, . . . , vui+1) for some integer ui.
Now, since a 6= r/2, we can embed
−→
H 2 =
−→
H −
−→
H 1 in (
−→
Kr −
−→
H1) \
−→
C as the union of the cycles
(v1, . . . , vls′+1), (vls′+1+1, . . . , vls′+1+ls′+2), . . . ,
(vls′+1+ls′+2+···+ls−1+1, . . . , vls′+1+ls′+2+···+ls).
This completes the proof.
Theorem 4. If there exists a (G, k, µ)-SDF that satisfies the hypothesis of Proposition 3, whose
distinguished base block is denoted by A, then for any prime power q ≡ 1 (mod µ) and q >
Q(µ/4, k − 1), there exists a (G× Fq, G× {0}, k, 1)-DF in the following cases
1) k ≡ 0 (mod 4);
2) k = 5;
3) k ∈ {9, 13, 17} and x1 6= ±2x2 for any nonzero x1, x2 ∈ A (x1 could be x2);
4) k ≡ 1 (mod 4), k ≥ 21 and 3x 6= 0 for any nonzero x ∈ A.
Proof. Take C = [C1, C2, . . . , Cn] as in the proof of Proposition 3. It has been shown that
∆C =
⋃
g∈G
({g} ×Dg),
where Dg = {1,−1, ξ,−ξ} · Lg and Lg is a multiset of size µ/4 on F∗q . It is readily checked that
Lg = L−g and each element of Lg is one of the following forms: y1,j , 2y1,j, (1−ξ)y1,j , y1,j1±ξy1,j2 ,
y1,j1 ± y1,j2 and yi,j1 − yi,j2 for i ≥ 2. Note that 2y1,j ∈ L0, (1− ξ)y1,j ∈ L±2x1,j and when k ≡ 1
(mod 4), y1,j ∈ L±x1,j . By Proposition 1, to obtain a (G × Fq, G × {0}, k, 1)-DF, it suffices to
prove that for each g ∈ G, Lg can be taken as a system of representatives for C
µ/4,q
0 in F
∗
q . By
Theorem 1, this can be done for any prime power q ≡ 1 (mod µ) and q > Q(µ/4, k − 1) if no Lg
contains a 2-subset of the form {y1,j1 , (1 − ξ)y1,j2}.
When k ≡ 0 (mod 4), y1,j1 cannot occur in any Lg, so no Lg contains a 2-subset of the form
{y1,j1 , (1− ξ)y1,j2}.
When k = 5, |Lg| = 1 for any g ∈ G, so no Lg contains a 2-subset of the form {y1,j1 , (1−ξ)y1,j2}.
When k ≡ 1 (mod 4), k ≥ 9 and some Lg contains a 2-subset of the form {y1,j1 , (1− ξ)y1,j2},
since y1,j1 ∈ L±x1,j1 and (1 − ξ)y1,j2 ∈ L±2x1,j2 , we have g = ±x1,j1 = ±2x1,j2 . Thus if x1,j1 6=
±2x1,j2 for any nonzero x1,j1 , x1,j2 ∈ A1 (j1 could be j2), then no Lg contains a 2-subset of the
form {y1,j1 , (1− ξ)y1,j2}.
Assume that k ≡ 1 (mod 4) and k ≥ 21. We shall show that even if some Lg contains a
2-subset of the form {y1,j1 , (1 − ξ)y1,j2}, we can still require every Lg, g ∈ G, is a system of
representatives for C
µ/4,q
0 in F
∗
q , provided for any nonzero x ∈ A, 3x 6= 0.
Let P be the set of ordered pairs (y1,j1 , y1,j2) for all possible j1 and j2 such that (y1,j1 , (1 −
ξ)y1,j2) is a 2-subset of some Lg. We note that, if (y1,j1 , y1,j2) and (y1,j1 , y1,j3) ∈ P , then x1,j1 =
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±2x1,j2 = ±2x1,j3 and hence 2(x1,j2 ± x1,j3) = 0 but, since ∆[x1,1,−x1,1, . . . , x1,⌊k/4⌋,−x1,⌊k/4⌋]
does not contain involutions (G is of odd order) and zeros this is possible only if j2 = j3. It
follows that the multiset P1 := [y1,j1 : (y1,j1 , y1,j2) ∈ P ] is a simple set and hence we can define a
map α from P1 to P2 := [y1,j2 | (y1,j1 , y1,j2) ∈ P ] such that α(y1,j1) = y1,j2 . We also note that, if
(y1,j2 , y1,j1) and (y1,j3 , y1,j1) ∈ P , then x1,j2 = ±2x1,j1 = ±x1,j3 but this is possible only if j2 = j3.
It follows that the multiset P2 is also a simple set and hence α is an injective map. Moreover, if
(y1,j1 , y1,j2) ∈ P and j1 = j2, then x1,j1 = ±2x1,j1 and hence 3x1,j = 0. It is impossible since for
any nonzero x ∈ A, 3x 6= 0 and hence α has no fixed point in P1.
Let r = µ/4 = ⌊k/4⌋ ≥ 5. Let 1 − ξ ∈ Cr,qr−α. Since L0 = {2y1,1, 2y1,2, . . . , 2y1,r}, which is a
system of representatives for Cr,q0 in F
∗
q , we can regard P1 and P2 as subsets of Zr and we can
extend the map α to a permutation of the elements of Zr. By Lemma 2, there exists a bijection
pi : {y1,1, y1,2, . . . , y1,r} → Zr such that pi(y1,j1) 6≡ pi(y1,j2) + α (mod r) for any (y1,j1 , y1,j2) ∈ P .
Thus we can assign to each y1,j the cyclotomic class given by the map pi.
Remark 3. Let Σ be a (G, k, µ)-SDF of type 4 satisfying the hypothesis of Proposition 3. If
Σ = Σ1, i.e., Σ consists only of the distinguished base block, then every y1,j contributes at most
k − 3 cyclotomic conditions when k ≡ 0 (mod 4) (resp. k − 4 when k ≡ 1 (mod 4)). Therefore,
the lower bound on q in Theorem 4 can be improved, that is to say, q > Q(µ/4, k− 3) when k ≡ 0
(mod 4) and q > Q(µ/4, k − 4) when k ≡ 1 (mod 4).
Theorem 5. Let q be a prime. Then there exists a (Zh × Fq,Zh × {0}, k, 1)-DF in the following
cases:
(hq, h, k, 1) possible exceptions
(63q, 63, 8, 1)-DF: q ≡ 1 (mod 8) (63× 17, 63, 8, 1)
(81q, 81, 9, 1)-DF: q ≡ 1 (mod 8) (81× 17, 81, 9, 1), (81× 41, 81, 9, 1)
Proof. Start from the SDFs of type 4 listed in Table 2. Then apply Theorem 4 to get the desired
DFs for sufficiently large q. For the values of q smaller than the lower bounds, we found, by
computer search, all the DFs that satisfy the required cyclotomic conditions in Proposition 1
except for the cases of (h, q, k, λ) ∈ {(63, 17, 8, 1), (63, 41, 8, 1), (81, 17, 9, 1), (81, 41, 9, 1)}. The
interested reader may get a copy of these data from the authors. For (h, q, k, λ) = (63, 41, 8, 1),
we give here an explicit construction for a (Z63 × F41,Z63 × {0}, 8, 1)-DF:
{(20, 0), (20, 1), (−20, 7), (−20, 35), (29, 5), (29, 37), (−29, 18), (−29, 24)} · {(1, x)};
{(0, 0), (1, 1), (3, 7), (7, 4), (19, 2), (34, 3), (42, 6), (53, 27)} · {(1, y)};
{(0, 0), (1, 3), (4, 2), (6, 1), (26, 8), (36, 29), (43, 36), (51, 15)} · {(1, y)},
where x runs over C8,410 and y runs over C
2,41
0 .
Remark 4. The Paley (p, p, p− 1)-SDFs of the 1st type in Lemma 1(1) satisfy the hypothesis of
Proposition 3 when p ≡ 1 (mod 4) since −1 ∈ C2,p0 . Then by Remark 3, we have that there exists
an (Fp × Fq,Fp × {0}, p, 1)-DF for any prime powers p and q with p ≡ 1, 5 (mod 12), p 6= 17,
q ≡ 1 (mod p− 1) and q > Q((p− 1)/4, p− 4) (see also Theorem 3.8(1) of [16]).
Remark 5. Comparing Remark 2(1) with Remark 4, we can see that the lower bound on q in
Remark 4 is Q((p − 1)/4, p − 4), while it is Q((p − 1)/2, p − 2) in Remark 2. Hence in some
circumstances, SDFs of type 4 can produce better asymptotic existence results on DFs than SDFs
of type 2.
4 Applications
4.1 A class of group divisible designs
Difference families can be used to construct group divisible designs. Let K be a set of positive
integers. A group divisible design (GDD) K-GDD is a triple (X,G,A) satisfying the following
properties: (1) G is a partition of a finite set X into subsets (called groups); (2) A is a set of
subsets of X (called blocks), whose cardinalities are from K, such that every 2-subset of X is
either contained in exactly one block or in exactly one group, but not in both. If G contains ui
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groups of size gi for 1 ≤ i ≤ r, then g
u1
1 g
u2
2 · · · g
ur
r is called the type of the GDD. The notation
k-GDD is used when K = {k}.
Lemma 3. [3, Table 3.18] There exists a 6-GDD of type 30u for u ∈ {6, 16, 21, 26, 31, 36, 41, 51, 61,
66, 71, 76, 78, 81, 86, 90, 91, 96}.
An automorphism group of a GDD (X,G,A) is a permutation group on X leaving G and A
invariant, respectively.
Given a (g, n, k, λ)-DF, B = [B1, B2, . . . , Br], over an abelian group (G,+) of order g relative
to a subgroup N of order n, we define Dev(B1, B2, . . . , Br) to be the multiset
⋃r
i=1{{x+ g : x ∈
Bi} : g ∈ G}. Let N be the set of cosets of N in G. Then (G,N , Dev(B1, B2, . . . , Br)) is a k-GDD
of type ng/n and its automorphism group contains a subgroup that is isomorphic to G.
Lemma 4. There exists a 6-GDD of type 30q admitting Z30 × Zq as an automorphism group for
any prime q ≡ 1 (mod 6).
Proof. By Theorem 3, there exists a (Z30 × Zq,Z30 × {0}, 6, 1)-DF for any prime q ≡ 1 (mod 6).
Develop its base blocks under Z30 × Zq to obtain a 6-GDD of type 30q.
Lemma 5. There exists a 6-GDD of type 30u for u ∈ {42, 48, 84, 85}.
Proof. It is known that there exists a 7-GDD of type g7 for g ∈ {7, 13}, which is equivalent to
5 mutually orthogonal Latin squares of order g (see Table 3.87 in [2]). Start from a 7-GDD of
type 77, and delete 7 elements from the same block to obtain a {6, 7}-GDD of type 67, or delete
one element to obtain a {6, 7}-GDD of type 7661. Start from a 7-GDD of type 137, and delete 7
elements in one group to obtain a {6, 7}-GDD of type 13661, or delete 6 elements in one group to
obtain a {6, 7}-GDD of type 13671.
Begin with the four {6, 7}-GDDs and give weight 30 to each element. Then apply Wilson’s
Fundamental Construction (see Theorem 2.5 in [20]) to obtain 6-GDDs of types 1807, 21061801,
39061801 and 39062101, where the needed 6-GDD of type 306 is from Lemma 3, and the needed
6-GDD of type 307 is from Lemma 4.
Finally, fill in groups with 6-GDDs of types 306, 307 and 3013 (from Lemma 4). Then we get
a 6-GDD of type 30u for u ∈ {42, 48, 84, 85}.
Lemma 6. There exists a 6-GDD of type 30q for q ∈ {25, 49}.
Proof. Since q is a prime power, we can construct a (Z30 × Fq,Z30 × {0}, 6, 1)-DF such that it
satisfies the required cyclotomic conditions in Proposition 1, and then develop its base blocks
under Z30×Fq to obtain a 6-GDD of type 30q. The (Z30, 6, 6)-SDF from Table 1 is of type 2 with
respect to q ∈ {25, 49}. For q = 25, take x2 − x+ 2 to be a primitive polynomial of degree 2 over
F5 and ω to be a primitive root in F25. Let C = {C1, C2, . . . , C6}, where
C1 = {(0, 1), (0,−1), (6, ω
13), (6,−ω13), (16, ω11), (16,−ω11)};
C2 = {(0, 1), (15,−1), (3, ω16), (18,−ω16), (7, ω5), (22,−ω5)};
C3 = {(0, 0), (1, 1), (2, ω20), (3, ω22), (8, ω18), (21, ω12)}; C4 = C3 · {(1,−1)};
C5 = {(0, 0), (2, 1), (5, ω6), (9, ω19), (13, ω14), (18, ω4)}; C6 = C5 · {(1,−1)}.
For q = 49, take x2−x+3 to be a primitive polynomial of degree 2 over F7 and ω to be a primitive
root in F49. Let C = {C1, C2, . . . , C6}, where
C1 = {(0, 1), (0,−1), (6, ω40), (6,−ω40), (16, ω26), (16,−ω26)};
C2 = {(0, 1), (15,−1), (3, ω13), (18,−ω13), (7, ω5), (22,−ω5)};
C3 = {(0, 0), (1, 1), (2, ω
8), (3, ω24), (8, ω21), (21, ω10)}; C4 = C3 · {(1,−1)};
C5 = {(0, 0), (2, 1), (5, ω34), (9, ω32), (13, ω2), (18, ω8)}; C6 = C5 · {(1,−1)}.
It is readily checked that Dg = {1,−1} · Lg for g = 0, 1, . . . , 29, where Lg is a system of repre-
sentatives for C3,q0 in F
∗
q . Let S be a system of representatives for C
(q−1)/2,q
0 = {1,−1} in C
3,q
0 .
Then by Proposition 1, [C · {(1, s)} : s ∈ S, C ∈ C] forms a (Z30 × Fq,Z30 × {0}, 6, 1)-DF for
q ∈ {25, 49}.
Combining results of Lemmas 3, 4, 5 and 6, we have the following theorem.
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Theorem 6. There exists a 6-GDD of type 30u for u ∈ {6, 16, 21, 25, 26, 36, 41, 42, 48, 49, 51, 66, 71,
76, 78, 81, 84, 85, 86, 90, 91, 96}∪ {q : q ≡ 1 (mod 6) is a prime}.
4.2 A class of r-rotational balanced incomplete block designs
If each group of a k-GDD (X,G,A) contains only one element and |X | = v, then the k-GDD is
referred to as a balanced incomplete block design, denoted by a (v, k, 1)-BIBD. A (v, k, 1)-BIBD is
said to be r-rotational, if it admits an automorphism consisting of one fixed point and r cycles of
length (v − 1)/r.
Lemma 7. There exists an r-rotational (31, 6, 1)-BIBD for r ∈ {6, 10}.
Proof. There is only one (31, 6, 1)-BIBD up to isomorphism (see Table 6.5 in [21]), which is a
projective plane of order 5. Check its full automorphism group and one can see that it admits an
automorphism consisting of one fixed point and r cycles of length 30/r for each r ∈ {6, 10}. In
order to facilitate the readers, we here list all blocks of a (31, 6, 1)-BIBD over Z31: {i, 1 + i, 3 +
i, 8 + i, 12 + i, 18 + i}, i ∈ Z31. It is readily checked that the permutations in Z31
(1 13 6)(2 23 29)(3 25 20)(4 5 30)(7 26 28)(8 16 19)(9 17 10)(11 24 15)(12 21 27)(14 22 18)
and
(0 18 29 7 22)(1 25 26 16 19)(2 11 28 9 24)(3 4 27 12 20)(5 6 8 17 13)(10 15 14 21 30)
are its automorphisms of orders 3 and 5, respectively.
Theorem 7. Let r ∈ {6, 10}. There exists an r-rotational (30q + 1, 6, 1)-BIBD for any prime
q ≡ 1 (mod 6).
Proof. By Lemma 4, there exists a 6-GDD of type 30q admitting Z30 × Zq as an automorphism
group for any prime q ≡ 1 (mod 6). This GDD is defined on Z30 × Zq with groups Z30 × {i},
i ∈ Zq. Denote by A the set of its blocks.
For each i ∈ Zq, by Lemma 7, we can construct an r-rotational (31, 6, 1)-BIBD for r ∈ {6, 10}
on (Z30×{i})∪{∞} such that the map (x, i) 7→ (x+ r, i) is an automorphism, where∞ is a fixed
point. Denote by Bi the set of its blocks. Without loss of generality, we require
Bi+1 = Bi + 1 := {{(x, i+ 1) : (x, i) ∈ B} ∪ {∞ :∞ ∈ B} : B ∈ Bi}.
Then A∪ (
⋃q−1
i=0 Bi) forms the set of blocks of a (30q + 1, 6, 1)-BIBD.
Clearly, the maps α : (x, i) 7→ (x + r, i) and β : (x, i) 7→ (x, i + 1) (∞ is fixed) are both
automorphisms of the resulting BIBD. Since 30/r and q are coprime, < α, β > is an automorphism
group of order 30q/r, which contains an automorphism consisting of r cycles of length 30q/r.
Therefore, the resulting BIBD is r-rotational.
4.3 Optical orthogonal codes
Finally we apply Theorems 3 and 5 to construct optimal optical orthogonal codes. A (v, k, 1)-
optical orthogonal code (OOC) is defined as a set of k-subsets (called codewords) of Zv whose list
of differences does not contain repeated elements. It is optimal if the size of the set of missing
differences is less than or equal to k(k − 1).
A cyclic (gv, g, k, 1)-DF can be seen as a (gv, k, 1)-OOC whose set of missing differences is
{0, v, 2v, . . . , (g − 1)v}. Furthermore, one can construct a (g, k, 1)-OOC on the set of missing
differences to produce a new (gv, k, 1)-OOC.
Lemma 8. (cf. [25, Construction 4.1]) If there exist a cyclic (gv, g, k, 1)-DF and an optimal
(g, k, 1)-OOC, then there exists an optimal (gv, k, 1)-OOC.
Theorem 8. (1) There exist an optimal (2q, 5, 1)-OOC and an optimal (12q, 5, 1)-OOC for any
prime q ≡ 1 (mod 20).
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(2) There exists an optimal (gq, k, 1)-OOC where (g, k) ∈ {(10, 5), (5, 6), (15, 6), (21, 7)} for any
prime q ≡ 1 (mod 12) except for (g, q, k) = (5, 13, 6).
(3) There exists an optimal (gq, k, 1)-OOC where (g, k) ∈ {(25, 6), (30, 6), (35, 6), (45, 6), (35, 7),
(49, 7)} for any prime q ≡ 1 (mod 6) except for (g, q, k) ∈ {(25, 7, 6), (35, 7, 7), (49, 7, 7)}.
(4) There exists an optimal (63q, 8, 1)-OOC for any prime q ≡ 1 (mod 8) and q > 17.
Proof. Take cyclic (hq, h, k, 1)-DFs from Theorems 3 and 5 (note that when h and q are coprime,
Zh × Zq is isomorphic to Zhq). Then apply Lemma 8 with the following optimal (h, k, 1)-OOC:
(g, k, 1) codewords
(2, 5, 1), (10, 5, 1), (12, 5, 1) ∅
(5, 6, 1), (15, 6, 1), (25, 6, 1), (30, 6, 1) ∅
(21, 7, 1), (35, 7, 1) ∅
(35, 6, 1), (45, 6, 1) {0, 1, 3, 7, 12, 20}
(49, 7, 1) {0, 1, 3, 7, 27, 35, 40}
(63, 8, 1) {0, 1, 3, 7, 15, 20, 31, 41}
.
Note that each codeword in an (h, k, 1)-OOC contributes k(k− 1) different nonzero differences, so
when h ≤ k(k − 1), an optimal (h, k, 1)-OOC is without any codeword.
We remark that there is no (81, 9, 1)-OOC with one codeword by exhaustive search. Hence
we cannot employ cyclic (81q, 81, 9, 1)-DFs from Theorem 5 to get optimal OOCs. For more
information on combinatorics aspects of OOCs, we refer the reader to [6, 13, 14, 15, 18, 19, 22,
23, 25] for example.
5 Concluding remarks
By introducing strong difference families of special types explicitly, we construct new relative
difference families in this paper from the point of view of both asymptotic existences and concrete
examples. Strong difference families have been widely used implicitly in the literature. We report
some of them in Table 3 (note that here some SDFs of type d, d ∈ {2, 4}, do not satisfy Propositions
2 and 3).
Many infinite classes of relative difference families were obtained by using SDFs (in some cases
implicitly) which do not satisfy Definition 2, see for instance [5, 10, 15, 19, 22, 23, 24]. A further
direction is to generalize Definition 2 to cover some of those constructions.
There are some more papers where SDFs of specific type have been crucial. For example see
[7, 24]. Note, however, that the blocks of the SDFs in [7] do not have constant size.
On the other hand, even though we give the definition of strong difference families in general
group, only abelian SDFs are considered in this paper. We notice that non-abelian SDFs, especially
the dihedral ones, have been investigated by Buratti and Gionfriddo in [9]. By using a (D12, 9, 6)-
SDF of type 6, they constructed an infinite class of 9-GDDs of type 12u. They also pointed out
that via a (D6, 9, 12)-SDF, Abel, Bluskov and Greig [1] constructed an infinite classes of 9-GDDs
of type 6u. Since in this paper we deal mainly with SDFs of type d for d ∈ {2, 4}, one possible
future direction of work is to investigate carefully other values of d. In particular we hope to find
constructions like the ones of Propositions 2 and 3 for d ∈ {3, 6} considering both abelian and
non-abelian cases.
Finally, there should be no obstacle to extending Proposition 1 to higher index λ. That is
another further direction.
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Type 2 Source Base blocks
(Z9, 4, 8)-SDF [18, Lemma 2.11] [0, 0, 5, 5], [0, 0, 3, 3], 4[0, 1, 3, 8].
(Z12, 4, 4)-SDF [19, Theorem 6.2] [0, 0, 5, 5], [0, 2, 6, 8], [0, 1, 3, 4], [0, 8, 9, 11].
(Z4, 5, 20)-SDF [11, Theorem 3.3] [0, 0, 1, 1, 2], [0, 0, 0, 1, 2], [3, 3, 2, 2, 1],
[3, 3, 3, 2, 1].
(Z20, 5, 12)-SDF [26, Theorem 2.4] 6[0, 1, 3, 9, 14], 2[0, 1, 4, 5, 8], 2[0, 1, 5, 13, 18],
[0, 2, 2, 18, 18], [0, 0, 0, 10, 10].
(Z45, 9, 8)-SDF [16, Lemma 2.10] [0, 2, 2, 15, 15, 23, 23, 33, 33],
2[0, 1, 4, 5, 6, 7, 13, 22, 33],
2[0, 2, 5, 11, 21, 25, 28, 36, 40].
(Z125, 6, 6)-SDF [17, Lemma 13] [0, 0, 19, 19, 71, 71], 2[0, 10, 28, 51, 78, 97],
2[0, 3, 62, 75, 86, 110], 2[0, 5, 12, 58, 70, 112],
2[0, 7, 27, 44, 70, 96], 2[0, 1, 42, 93, 85, 45],
2[0, 1, 100, 104, 109, 88], 2[0, 1, 90, 81, 21, 32],
2[0, 3, 16, 40, 46, 50], 2[0, 2, 7, 29, 35, 68],
2[0, 2, 8, 57, 102, 116], 2[0, 2, 22, 32, 36, 96],
2[0, 8, 23, 38, 72, 86].
Type 3
(Z4, 4, 12)-SDF [6, Case 1 in Section 2] 3[0, 0, 1, 3], [0, 2, 2, 2].
(Z4, 4, 18)-SDF [6, Theorem 3.2] 3[0, 1, 2, 3], 2[0, 0, 0, 1], [0, 0, 0, 2].
Type 4
(Z6, 4, 8)-SDF [6, Case 2 in Theorem 4.1] [0, 0, 1, 1], [0, 0, 2, 2], 2[0, 1, 3, 4].
(Z45, 5, 4)-SDF [22, Lemma 2.8] 4[0, 2, 5, 12, 23], 4[0, 1, 14, 20, 29],
[0, 4, 4,−4,−4].
(Z119, 8, 8)-SDF [17, Lemma 3] [20, 20,−20,−20, 29, 29,−29,−29],
4[0, 1, 42, 28, 101, 97, 94, 114],
4[0, 1, 12, 23, 41, 85, 104, 106],
4[0, 2, 5, 17, 37, 47, 68, 76],
4[0, 4, 10, 38, 54, 62, 86, 93].
Type 6
(Z2, 3, 12)-SDF [11, Theorem 3.1] [0, 0, 0], 3[1, 1, 0].
(Z4, 4, 12)-SDF [6, Case 2 in Section 2] 3[0, 0, 1, 2], [0, 0, 0, 1].
(Z4, 4, 6p) [6, Construction A] (3p− 9)/2[0, 1, 2, 3], (p− 5)/2[0, 0, 0, 0],
for an odd prime p > 3 2[0,1,1,1],3[0,0,1,2],[0, 0, 0, 1], [0, 0, 0, 2].
(Z8, 4, 6)-SDF [6, Theorem 5.1] 3[0, 1, 3, 5], [0, 0, 0, 1].
Type 7
(Z6, 7, 56)-SDF [11, Theorem 3.4] 7[0, 1, 2, 3, 4, 5, 5], [0, 0, 0, 0, 0, 0, 0].
Table 3: SDFs of type d in the literature
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